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Monocentric lenses have recently changed from primarily a historic curiosity to a potential solution for
panoramic high-resolution imagers, where the spherical image surface is directly detected by curved
image sensors or optically transferred onto multiple conventional flat focal planes. We compare imaging
and waveguide-based transfer of the spherical image surface formed by the monocentric lens onto planar
image sensors, showing that both approaches can make the system input aperture and resolution
substantially independent of the input angle. We present aberration analysis that demonstrates that
wide-field monocentric lenses can be focused by purely axial translation and describe a systematic design
process to identify the best designs for two-glass symmetric monocentric lenses. Finally, we use this
approach to design an F ∕1.7, 12 mm focal length imager with an up to 160° field of view and show
that it compares favorably in size and performance to conventional wide-angle imagers. © 2012 Optical
Society of America
OCIS codes: 080.3620, 110.0110, 220.3620, 220.4830.

1. Introduction: Wide-Angle Monocentric Lens
Imaging

Imagers that require the combination of wide field of
view, high angular resolution, and large light collec-
tion present a difficult challenge in optical system
design. Geometric lens aberrations increase with
aperture diameter, numerical aperture (NA), and
field of view and scale linearly with focal length. This
means that for a sufficiently short focal length, it is
possible to find near-diffraction-limited wide-angle
lens designs, including lenses mass-produced for cell
phone imagers. However, obtaining high angular re-
solution (for a fixed sensor pixel pitch) requires a long
focal length for magnification, as well as a large NA
to maintain resolution and image brightness. This
combination is difficult to provide over a wide angle

range. Conventional lens designs for longer focal
length wide-angle lenses represent a tradeoff be-
tween competing factors of light collection, volume,
and angular resolution. For example, conventional
reverse-telephoto and “fisheye” lenses provide extre-
mely limited light collection compared to their large
clear aperture and overall volume [1]. However, the
problem goes beyond the lens itself. Solving this lens
design only leads to a secondary design constraint, in
that the total resolution of such wide-angle lenses
can easily exceed 100 megapixels. This is beyond the
current spatial resolution and communication band-
width of a single cost-effective sensor [2], especially
for video output at 30 frames ∕s or more.

One early solution to wide-angle imaging was
“monocentric” lenses [3], using only hemispherical
or spherical optical surfaces that share a single cen-
ter of curvature. This symmetry yields zero coma or
astigmatism over a hemispherical image surface,
and on that surface provides a field of view limited
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only by vignetting from the central aperture stop.
The challenge of using a curved image surface has
limited the practical application of this type of
lens, but there has been a resurgence of interest in
monocentric lens imaging. In 2009, Krishnan and
Nayar proposed an omnidirectional imager using a
spherical ball lens contained within a spherical de-
tector shell [4]. In 2010 Ford and Tremblay [5] pro-
posed using a monocentric lens as the objective in a
multiscale imager system [6], where overlapping re-
gions of the spherical image surface are relayed onto
conventional image sensors, and where the mosaic of
subimages can be digitally processed to form a single
aggregate image. Cossairt and Nayar demonstrated
a closely related configuration using a glass ball and
single-element relay lenses, recording and digitally
combining overlapping images from five adjacent im-
age sensors [7]. And recently a gigapixel monocentric
multiscale imager has been demonstrated that inte-
grates a two-dimensional mosaic of subimages [8,9],
using the optical layout shown in Fig. 1(a) [10].

Monocentric lenses and spherical image formation
provide favorable scaling to long focal lengths and
have been shown capable of a two orders of magni-
tude higher space–bandwidth product (number of re-
solvable spots) than conventional flat field systems of
the same physical volume [11]. In early monocentric
lens cameras, the usable field of view was limited by
the vignetting and diffraction from the central lens
aperture, as well as the ability of recording media to
conform to a spherical image surface. However, the
system aperture stop need not be located in the
monocentric lens. The detailed design of the multi-
scale monocentric lens [10] shows that locating the
aperture stop within the secondary (relay) imagers
enables uniform relative illumination and resolution
over the full field. This design maintains F ∕2.4 light
collection with near-diffraction-limited resolution
over a 120° field of view. With 1.4 μm pitch sensors,
this yields an aggregate resolution of 2.4 gigapixels.

Such wide and uniform fields can also be achieved
via the conceptually simpler “waveguide” approach
shown in Fig. 1(b). Instead of relay optics, the sphe-
rical image surface is transferred to conventional

planar image sensors using one or more multimode
fiber bundles [12]. Fused fiber faceplates are com-
mercially available with high spatial resolutions and
light collection (2.5 μmbetween fiber cores, and NA of
1) and can be fabricated as straight or tapered [13].
Straight fiber bundles can project sufficiently far to
allow space for packaging of CMOS image sensors,
while tapered fiber bundles can provide the 3∶1
demagnification used in the relay optics in Fig. 1(a).
Fiber bundles introduce artifacts from multiple sam-
pling of the image [14], which can be mitigated but
not eliminated through postdetection image proces-
sing [15]. In addition, the edges between adjacent fi-
ber bundles can introduce “seams” in the collected
image, whose width depends on the accuracy of fiber
bundle fabrication. However, waveguide transfer can
reduce the overall physical footprint and signifi-
cantly increase light collection: in the multiscale
optics structure, field overlap at the center of three
relay optics must be divided between three aper-
tures, while the waveguide can transfer all the light
energy from a given field angle to a single sensor.

As shown in Fig. 2, in both systems stray light can
be controlled using a physical aperture stop at the
center of the monocentric lens [Fig. 2(a)] or through
a “virtual stop” achieved by limiting light transmis-
sion in the image transfer optics [Fig. 2(b)]. In the
case of relay imaging, this is done using a physical
aperture stop internal to the relay optics. In the case
of fiber transfer, this can be done by restricting the
NA of the fiber bundles. Straight fiber bundles with
a lower index difference between the core and clad-
ding glasses are commercially available with an NA
of 0.28. Alternately, high-index-contrast bundles
with a spatial taper to a smaller output face can pro-
vide a controlled NA. Such bundles have the original
output NA, but conservation of étendue reduces the
input NA of a tapered fiber bundle by approximately
the ratio of input to output diameter [16]. For exam-
ple, a 3∶1 taper of input to output width with a 1.84
core and 1.48 cladding index yields approximately
0.3 input NA.

The field of view of monocentric “virtual stop” im-
agers can be extraordinarily wide. A physical aper-
ture at the center of the objective lens is projected
onto the field angle. At 60° incidence (120° field of
view), the aperture is elliptical and reduced in width

Fig. 1. (Color online) (a) Optical layout of a 2.4 gigapixel mono-
centric multiscale lens and (b) the same image field transferred by
tapered fiber bundles instead of multiple relay optics.

Fig. 2. (Color online) Monocentric lens imaging with (a) a physi-
cal aperture stop at the center of the objective lens and (b) a
“virtual stop” accomplished by limiting the NA of the image trans-
fer, which, as drawn, are fiber bundles made from nonimaging
low-NA optical fibers.
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by 50%, with a corresponding decrease in light
transmission and diffraction-limited resolution. As
Fig. 2(b) shows, however, moving the aperture stop to
the light transfer enables uniform illumination and
resolution over a 160° field of view, where at extreme
angles the input light illuminates the back surface of
the monocentric objective. The lens as drawn in
Fig. 2(b) indicates that the image transfer optics per-
form all stray light control, and does not show non-
sequential paths from surface reflections. In practice,
an oversized physical aperture or other light baffles
can be used to block most of the stray light, while
the image transfer optics provide the final, angle-
independent apodization. While such practical
optomechanical packaging constraints can limit the
practical field of view, the potential for performance
improvement over a conventional “fisheye” lens
is clear.

Despite the structural constraints, even a simple
two-glass monocentric objective lens can provide
high angular resolution over the spherical image sur-
face. With waveguide image transfer, the overall
system resolution is directly limited by the objective
lens resolution. In multiscale imagers, geometric
aberrations in the objective can be corrected by fab-
ricating objective-specific relay optics. However, com-
pensating for large aberrations in the primary lens
tends to increase the complexity and precision of fab-
rication of the relay optics. Since each multiscale im-
ager requires many sets of relay optics (221 sets in
the 120° field, 2.4 gigapixel imager design), minimiz-
ing relay optic complexity and fabrication tolerance
can significantly reduce system cost. So for both
structures, it is useful to optimize the objective lens
resolution.

T. Sutton offered the first design of themonocentric
lens in 1859 [3], with a wide field of view but high
f -number (about 30) due to the lack of correction of
spherical and chromatic aberrations. To solve this
problem, in 1942, J. G. Baker proposed a glass com-
bination with a high-index flint glass for the outer
shell and low-index crown for the internal ball lens
[3], resulting in a monocentric but not front-to-back
symmetric lens structure with aberrations well cor-
rected for a moderately high f -number of 3.5. The de-
sign of a compact and high-resolution endoscope lens
with a two-glass symmetrical monocentric lens was
published by Waidelich in 1965 [12]. An endoscopic
lens with a 2 mm focal length and f -number of 1.7
has a diffraction-limited image quality, but scaling
in focal length to >1 cm for photographic applica-
tions with the focus about 12 mm required the in-
crease of the f -number to about 3.5. More recently,
a two-glass monocentric lens was used as the projec-
tion objective in a Kodak autostereoscopic display
[17,18]. In the Waidelich and Kodak designs, like
in the Baker lens, the outer shell meniscus was made
from a flint glass and the internal ball lens from a
crown glass with a moderate difference in Abbe num-
ber. As will be shown later, this was nearly the ideal
combination. The outer meniscuses had a higher nd,

and the difference in refraction index between outer
and internal ball lenses did not exceed 0.08. This low
index difference probably was inherited from the
Cooke triplet design [1]. We will show that differ-
ences in refraction indices larger than 0.2 are needed
to approach diffraction-limited performance in lower
f -number photographic lenses. Nevertheless, these
designs have demonstrated that purely monocentric
lenses can achieve high-quality achromatic imaging.

Optical systems are now typically designed by com-
puter numeric optimization in commercial software
like Zemax and CodeV. The highly constrained mono-
centric lenses seem well suited to a global optimiza-
tion search to identify the best glass combination
and radii. However, we have found that “blind”
optimization of monocentric lenses, even a simple
two-glass lens, often overlooks the best solutions. This
is especially true for large-NA designs, where the ray
angles are steep and the optimization space has mul-
tiple deep local minima. There are also a large num-
ber of glasses to consider. The available glass catalog
was recently increased by the publication of a number
of newglasses fromHoya to559glasses [19]. Themore
advanced optimization algorithms take significant
processing time.Even for a two-glass lens it is imprac-
tical to use them to search all 312,000 potential com-
binations, so the best design may be overlooked.
Fortunately, the symmetry of monocentric lenses per-
mits a relatively straightforward mathematical
analysis of geometrical optic aberrations, as well as
providing some degree of intuitive understanding of
this overall design space. Combining “old school” ana-
lysis with computer sorting of glass candidates can
enable a global optimization for any specific focal
length and spectral bandwidth desired.

In this paper, we provide a detailed analysis for the
design of two-glass monocentric lenses. We begin
with the first-order paraxial and Seidel third-order
analysis of the focus of wide-field monocentric ima-
gers, showing that despite the highly curved focal
surface, axial translation of monocentric lenses can
maintain focus of a planar object field from infinite
to close conjugates. We will optimize these lenses
operating with a larger and so more general “virtual”
stop, because introducing a comparably sized physi-
cal stop will only tend to create vignetting at the field
points and cut off some of the most highly aberrated
rays. We continue by demonstrating the systematic
optimization of these lenses by the following process.

For a specified focal length, NA, and wave-
length range:

(1) Compute and minimize third-order Seidel
spherical and longitudinal chromatism aberrations
to find approximate surface radii for a valid glass
combination.

(2) Optimize lens prescriptions via exact ray tra-
cing of multiple ray heights for the central wave-
length.

(3) Calculate the polychromatic mean square
wavefront deformation, and generate a ranked list
of all lens candidates.
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(4) Confirm ranking order by comparing polychro-
matic diffraction modulation transfer function (MTF)
curves.

To verify this method, we redesign the objective
from our 2.4 gigapixel multiscale imager and find
that the global optimization process yields the origi-
nal design (and fabricated) lens, as well as additional
candidates with improved internal image surface re-
solution. We then apply the design methodology to a
new system, an ultracompact fiber-coupled imager
with a 12 mm focal length and uniform resolution
and light collection over a more than 120° field of
view. We show that this design compares favorably
to a more conventional imager using a “fisheye”
wide-field lens and conclude with observations on fu-
ture directions and challenges for this type of imager.

2. Theoretical Analysis of Monocentric Lenses

A. Focus of Monocentric Lenses

Photographic lenses are normally focused by moving
them closer to or further from the image plane, but
this appears impractical for the deep spherical image
surface in a wide-field monocentric lens. For the
70 mm focal length objective of Fig. 1, a 1 mm axial
translation to focus on an object at a 5m range brings
the image surface only 0.5 mm closer to the objective
for an object at a 60° field angle, and 0.17 mm closer
for an object at an 80° field. This seems to imply that
the lens can only focus in one direction at time and
needs three-dimensional translation to do so. In the
monocentric multiscale imager, the primary lens po-
sition is fixed, and the secondary imagers are used
for independent focus on each region of the scene
[10,20]. However, introducing an optomechanical
focus mechanism for each secondary imager con-
strains the lens design and adds significantly to
the overall system bulk and cost. More fundamen-
tally, the monocentric waveguide imager shown in
Fig. 2(b) has no secondary imagers and cannot be
focused in this way, which initially appears a major
disadvantage. In fact, however, axial translation of
monocentric lenses maintains focus on a planar ob-
ject across the full field of view.

Consider the geometry of an image formation in
the monocentric lens structure shown in Fig. 3.
For a focal length f with refocusing from an object
at infinity to the closer on-axis object at distance d,
assuming d ≫ f , the image surface shift Δx is [1]

Δx � f 2

d − f
≈
f 2

d
: (1)

For the off-axis field point B, having a field angle and
the angle of principal ray β1, the distance OB to the
object is d ∕ cos�β1� and the refocusing image point
shift Δx0 (BinfB0) will be

Δx0�β1� � f 2
cos�β1�

d
� Δx cos�β1� ⇒ BinfQ � Δx0�β1�

cos�β1�
� Δx � A0

infA
0; (2)

which means that for refocusing, the spherical image
surface 5�∞� is axially translated on segment Δx to
the position 5�d�. As will be shown later, for our
12 mm focus monocentric lens this approximation
works well for up to the closest distance of 500 mm,
and reasonably well for objects at a 100 mm range.
So for a planar object at any distance above some
moderate minimum, the geometry of refocusing the
monocentric lens is in accordance with first order
paraxial optics.

The most general analytic tool for lens aberration
analysis and correction is classical third-order Seidel
theory [21,22]. In Seidel theory, astigmatism and
image curvature are bound with the coefficients
C and D. Referring to the variables defined in Fig. 3,
the coefficients C and D can be expressed as [21–23]

C � 1
2

Xm
s�1

hs

�
βs�1 − βs

1
ns�1

− 1
ns

�
2
�
αs�1

ns�1
−
αs
ns

�
; (3)

D � 1
2

Xm
s�1

�
1
ns
− 1

ns�1

�
rs

� C; �4�

where ri is the radius of the ith surface and ni is the
preceding index of refraction. From Fig. 3 it is clear
that the chief ray angles to the optical axis at each
surface are identical (β1 � β2 � β3 � β4) for any axial
position of the monocentric optics relative to image
surface. Therefore, coefficient C remains zero while
focusing to planar object surfaces by means of
axial movement of the monocentric objective lens.
According to [21],

Fig. 3. (Color online) First- and third-order consideration of
monocentric lens refocus.
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C � 1
4nim

�
1
Rt

−
1
Rs

�
and D � 1

2nim

1
Rs

; (5)

whereRt is the tangential image surface radius, Rs is
the sagittal image surface radius, and nim is the im-
age space refraction index. So if C is defined as zero
during refocusing, then Rt will be equal to Rs and the
image surface will stay spherical and maintain the
image radius Rim � Rt � Rs. Also, from Eq. (4) it is
clear that the coefficient D will remain constant.
Because D remains constant, Eq. (5) also shows that
Rs and, hence, radius Rim will stay unchanged as
well. Third-order aberration theory couples the im-
age curvature with astigmatism, while coma and
spherical aberrations need to be corrected at this sur-
face [21,22,24]. In other words, third-order Seidel
aberration theory also indicates that simple axial re-
focusing of monocentric lens structures preserves the
image surface radius, maintaining focus for a planar
object onto a spherical image surface over a wide
range of object distances. In a purely monocentric
geometry there is zero coma, and no additional coma
will be introduced by translation [1,22,24]. Suppose
that spherical aberration is corrected at infinity.
Third-order spherical aberration does not have the
term that depends on the object distance [21,22,25].
We expect only a minor change in spherical aberra-
tion during refocusing due to the small changes
in terms �αi�1 − αi�2 [21,22], which constitutes the
Seidel spherical aberration coefficient. This is con-
firmed by the ZEMAX simulations shown in Section 3
for an optimal f � 12 mm lens solution.

B. Design Optimization of Monocentric Lenses

Imaging optics are conventionally designed in two
steps [1,21,22,24]. First, monochromatic design at
the center wavelength achieves a sufficient level of
aberration correction. The second step is to correct
chromatic aberration, usually by splitting some
key components to achieve achromatic power: a sin-
gle glass material is replaced with two glasses of the
same refraction index at the center wavelength, but
different dispersions. However, this process cannot
easily be applied to the symmetric two-glass mono-
centric lens shown in Fig. 2. For a given glass pair
and focal length, the lens has only four prescription
parameters to be optimized (two glasses and two
radii), and the radii are constrained with the mono-
centric symmetry and desired focal length. From this
perspective, monocentric lenses resemble conven-
tional spherical doublets. An approach for global op-
timization of such lenses was proposed in [26], and
our approach for a global search for optimal mono-
centric lenses, considering all glass combinations,
is closely related. As in [26], we want to analyze all
valid glass combinations. However, unlike aplanatic
doublets [27], there is not an optimal analytical solu-
tion for monocentric lenses, so a modified process is
needed. In addition, analysis in [26] is restricted to
fifth-order aberration estimates [28], while we want

to extend the design process to include full analytic
raytracing and MTF calculation.

We define a systematic search process beginning
with a specified focal length, f -number, and wave-
length range. Optimization of each glass combination
was done in three steps. The first step is to determine
the solution (if it exists) to minimize third-
order Seidel geometrical and chromatic aberrations
[21–23]. A monocentric lens operating in the
“fiber” stop mode has only two primary third-order
aberrations—spherical aberration (Seidel wave coef-
ficient W040) and longitudinal chromatism W020,
which is defocus between blue and red paraxial foci.
The sum of the absolute values of the third-order
coefficients provides a good approach for a first-pass
merit (cost) function, and an analytical solution for
third-order coefficients allows this cost function to
be quickly calculated.

The monocentric lens shown in Fig. 4 is defined
with six variables, the two radii r1 and r2, and the
index and Abbe number for each of two glasses:
the outer glass n2 and v2, and the inner glass n3
and v3. Ray tracing of any collimated ray can use
the Abbe invariant:

ri � hi
ni�1 − ni

ni�1αi�1 − niαi
; �6�

or

αi�1 � ni

ni�1
αi � hi

ni�1 − ni

ni�iri
; �7�

where αi are the angles between the marginal rays
and the optical axis. The ray tracing proceeds surface
by surface, and at each step for the input ray angle αi
and ray height hi the output angle αi�1 can be calcu-
lated by Eq. (7). The ray height at the next surface is

hi�1 � hi − αi�1di; �8�

where di is the thickness between surfaces i� 1 and
i. For the monocentric lens d1 � r1 − r2, d2 � 2r2, and
d3 � r1 − r2. The ray trace of the marginal input ray
having α1 � 0 gives

1
f
� 2

r1

�
1 −

1
n2

�
� 2

r2

�
1
n2

−
1
n3

�
: �9�

Fig. 4. Third-order aberration theory applied to monocentric lens
design.
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For a given glass combination and focal length f ,
Eq. (9) constrains the radius r2 to the radius r1 for
all subsequent calculations.

The Seidel spherical aberration coefficient B,
according to [21–23], is

B � 1
2

X4
s�1

hs

�
αs�1 − αs

1
ns�1

− 1
ns

�
2
�
αs�1

ns�1
−
αs
ns

�
: �10�

Equivalently, the spherical wave aberration W040 for
the marginal ray is

W040 � 1
4
Bρ4 �ρ�1 1

8

X4
s�1

hs

�
αs�1 − αs

1
ns�1

− 1
ns

�
2
�
αs�1

ns�1
−
αs
ns

�
;

(11)

where a clockwise positive angle convention is used.
The starting position for ray tracing is h1 � f × NA

and α1 � 0. Consequently, applying the Abbe invar-
iant for each surface, we can substitute ray angles
and heights with the system constructional para-
meters. Thus, from the Abbe invariant for the first
surface we get

r1 � h1
n2 − 1
n2α2

or α2 � h1
n2 − 1
n2r1

: (12)

Thus, α2 can be determined from the input ray height
and prescription parameters of the first surface. The
value of h2 is found from angle α2 [see Eq. (8)], and so
on. Using this iterative process, and the relation
between r1 and r2 from Eq. (9), we get

W040�h4
1

�
−
�n2

2−3n2n3�n2
3�

32f 3�n2−n3�2
−
�n2−1��n2

2−n3��n3−1�
4n2

2�n2−n3�2r31
��n2−1�2�n2

2�n2n3�n2
3�

8f n2
2�n2−n3�2r21

−
�n2−1��n2

2�n2n3�n2
3�

16f 2n2�n2−n3�2r1

�
: (13)

The defocus coefficient W020 between images in blue
and red light is equal to −L0 ∕2 [22,24], where

L0 � −2W020 � h2
1

��n3 − 1��2f �1 − n2� � n2r1�
f �n2 − n3�r1n3v3

−
�n2 − 1��2f �1 − n3� � n3r1�

f �n2 − n3�r1n2v2

�
: �14�

Eq. (14) is sufficiently accurate for the visible (photo-
graphic) spectral range, where the dispersion is
approximately linear. Design for extended visible
waveband (400–700 nm) requires calculations in
two separate subbands with custom-defined Abbe
numbers to compensate for the increased nonlinear-
ity of the glass dispersion curve. We define E�r1� �
jW040j � jW020j as a merit function for third-order

aberrations, which is continuous-valued and has a
single global minimum identifying the approximate
(near optimum) radius r1 for each valid two-glass
combination. Afterward, radius r2 is calculated from
Eq. (9).

The result is an algebraic expression for the third-
order aberrations of the solution—if any—for a given
glass combination. In our examples, we performed
this calculation for each of the 198,000 combinations
of the 446 glasses that were available as of April 2012
in the combined Schott, Ohara, Hikari, and Hoya
glass catalogs [29–32]. This yields a list of qualified
candidates (those forming an image on or outside of
the outer glass element), ranked by third-order aber-
rations. However, this ranking is insufficiently accu-
rate for a fully optimized lens.

Because of high NA, monocentric systems tend to
have strong fifth- and seventh-order aberrations.
That makes third-order analysis only a first approx-
imation toward a good design. Fortunately, the two-
glassmonocentric lens system has an exact analytical
ray trace solution in compact form, and the more
accurate values of the lens prescription parameters
can be found from a fast exact ray tracing of several
ray heights.

The variables for ray tracing of rays with arbitrary
input height h are shown in Fig. 5, where ϕi are
the angles between the ray and the surface normal.
We can write

sin�ϕ1� �
h
r1

: �15�

From Snell’s law, we have

sin�ϕ0
1� �

h
r1n2

: �16�

Applying the sine law for the triangle ABO yields

sin�ϕ2� �
r1
r2

sin�ϕ0
1� �

r1
r2

h
r1n2

� h
r2n2

: �17�

Again from Snell’s law,

sin�ϕ0
2� �

n2

n3
sin�ϕ2� �

n2

n3

h
r2n2

� h
r2n3

: �18�

Fig. 5. Monocentric lens real ray trace variables.
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Triangle OBC has equal sides OB and OC. So,

sin�ϕ0
3� �

n3

n2
sin�ϕ3� �

n3

n2

h
r2n3

� h
r2n2

: �19�

From triangle OCD, we find

sin�ϕ4� �
r2
r1

sin�ϕ0
3� �

h
r1n2

: �20�

Then, finally,

sin�ϕ0
4� � n2 sin�ϕ4� �

h
r1
: �21�

One interesting result is that for the monocentric
lens there is an invariant in the form

ϕ0
4 ≡ ϕ1: (22)

Next, the segment OE � S can be found by applying
the sine theorem to the triangle OED:

S� r1 sin�ϕ0
4�

sin�180°−�180°−ϕ0
4�−�180°−ϕ1−ϕ22−ϕ33−ϕ44��

�23�

or

S � r1 sin�ϕ0
4�

sin�−180°� 2ϕ1 � ϕ22 � ϕ33 � ϕ44�
: (24)

From Eq. (15),

ϕ1 � arcsin
�
h
r1

�
: (25)

From the triangles OAB, OBC, and OCD, we have

ϕ22 � ϕ2 − ϕ0
1 � arcsin

�
h

r2n2

�
− arcsin

�
h

r1n2

�
; (26)

ϕ33 � 180° − 2ϕ0
2 � 180° − 2 arcsin

�
h

r2n3

�
; (27)

ϕ44 � ϕ0
3 − ϕ4 � arcsin

�
h

r2n2

�
− arcsin

�
h

r1n2

�
: (28)

Finally,

S � h

sin
n
2
h
arcsin

�
h
r1

�
− arcsin

�
h

r1n2

�
� arcsin

�
h

r2n2

�
− arcsin

�
h

r2n3

�io : (29)

From Eq. (29), the longitudinal aberration for the ray
with input height hi is given by

ΔS�hi� � S�hi� − f : (30)

Radius r2 is bound to radius r1 with Eq. (9). With a
given focal length and combination of refractive in-
dices, the longitudinal aberration ΔS is actually a
function of a single variable r1. Finally, for the more
accurate monochromatic optimization of the radius
r1, we obtain a more accurate cost function Q:

Q �
X3
i�1

Abs�ΔS�hi; λ��

�
X3
j�1

X
k≠j

Abs�ΔS�hj; λ� −ΔS�hk; λ��; (31)

where the first term of Eq. (31) minimizes longitudi-
nal aberrations and the second term minimizes aber-
ration derivatives. In Eq. (31) for visible light
operation, λ is the nd line located in the center of a
photographic wave band, and three input ray heights
are: h1 � f × NA, h2 � 0.7h1, and h3 � 0.4h1,
respectively.

With such steep ray angles, Q is a strongly varying
function, which is why a fast automated optimization
can overlook the optimal radius values for a given
glass pair. Figure 6 shows the dependence of Q on ra-
dius r1 for a representative case, one of the best glass
pairs (S-LAH79 and S-LAH59) for the 12 mm focal
length lens described in Section 3. The monochro-
matic image quality criterion Q has several minima
over the possible range for the r1 radius. The preli-
minary solution for the r1 radius for this glass
pair obtained from the third-order aberration

Fig. 6. (Color online) Example of dependence of criterionQ on the
radius r1.

7654 APPLIED OPTICS / Vol. 51, No. 31 / 1 November 2012



minimization was 8.92 mm, close to the global mini-
mum solution for Q found at 9.05 mm. This shows
how the first optimization step provided a good
starting point for the r1 radius, avoiding the time-
consuming investigation of low-quality solutions in
the multi-extremum problem illustrated by Fig. 6.

Optimization with the criterion in Eq. (31) gives
the optimal solution by means of minimum geometri-
cal aberrations, but it is not sufficient to provide
reliable sorting of monocentric lens solutions. The
system polychromatic mean square wavefront defor-
mation is better correlated with the Strehl ratio and
other diffraction image quality criteria [21]. So, in
the third step, the wavefront deformation is calcu-
lated and expanded into Zernike polynomials. The
polychromatic mean square wavefront deformation
is calculated and used as a criterion for creating the
ranked list of monocentric lens solutions by means of
their quality. In the monocentric lens geometry, the
aperture stop is located at the center of the lens,
where the entrance and exit pupils coincide as well.
This is shown in Fig. 7.

For an arbitrary ray, the lateral aberrations ΔY
are bound to the wavefront deformation as

ΔY � −
∂W
∂ρ

λ

A
; (32)

where λ is the wavelength, W is the wavefront defor-
mation expressed in wavelengths, ρ is the reduced
ray pupil coordinate that varies from zero at the pu-
pil center to unity at the edge; A is defined as the
back NA, and ΔY as the lateral aberration in mm
[21,33]. From Fig. 7 we have

ΔS�ρ� � ΔY
Aρ

� −
∂W
∂ρ

λ

A2ρ
; (33)

where Aρ is directional cosine of the angle q or coor-
dinate of the ray in the image space. Expansion of the
wavefront deformation into fringe Zernike polyno-
mials up to seventh order is given in Table 9.1 of
[21]. From Eq. (33),

−ΔS�ρ; λi�
A2

λi
� 4C20 � C40�24ρ2 − 12�

� C60�120ρ4 − 120ρ2 � 24�
� C80�560ρ6 − 840ρ4 � 360ρ2 − 40�:

(34)

The values for ΔS�ρ; λi� are calculated with fast ray
tracing [Eq. (30)] for nine rays with reduced coordi-
nate heights ρj � 1, 0.95, 0.9, 0.85, 0.8, 0.75, 0.7, 0.6,
0.5 and for the three wavelengths 470, 550, and
650 nm. Then coefficients Cn0�λi� are calculated from
the least square criterion [34]:

X9
j�1

�
−ΔS�ρ;λi�

A2

λi
−4C20�λi�−C40�λi��24ρ2 −12�

−C60�λi��120ρ4−120ρ2�24�

−C80�λi��560ρ6−840ρ4�360ρ2 −40�
�
2
�min : (35)

We found that the optimal geometrical aberration
solution from step two does not have complete corre-
lation with the diffraction quality criteria and has a
small general defocus. In order to prevent general
defocus of the image surface, we introduce a small
shift dS of the back focal distance that makes the
new coefficient Cnew

20 �λ2 � 550 nm� equal to zero:

dS � 4C20�λ2�
λ2
A2 : (36)

This means that the system will have a slightly
adjusted focus f new � f � dS, and the only difference
from before will be in coefficients Cnew

20 :

Cnew
20 �λi� � C20�λi� − dS

A2

4λi
: (37)

Finally, according to [21] [Chapter 9.1, Eq. (23), and
Chapter 9.2, Eq. (13)], the system polychromatic
mean square wavefront deformation �ΔΦ�2 is

Fig. 7. (Color online) Image formation in the monocentric lens.

Table 1. Optical Prescription of the Fabricated AWARE2 Lens

Surface Type Radius Thickness Glass Semidiameter

OBJ Standard Infinity Infinity
1 Standard 31.80000 13.61300 S-NBH8 29.69700
2 Standard 18.18700 18.18700 F_SILICA 17.39400

STO Standard Infinity 18.18700 F_SILICA 16.95200
4 Standard −18.18700 15.19100 S-NBH8 16.95200
5 Standard −33.37800 36.87800 30.13600

IMA Standard −70.25600 60.84437

Fig. 8. (Color online) AWARE2 lens and global optimum solution.
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�ΔΦ�2 � Φ̄2
− �Φ̄�2 � 1

2

X3
i�1

��Cnew
20 �λi��2

3
� �C40�λi��2

5

� �C60�λi��2
7

� �C80�λi��2
9

�
; (38)

where Φ̄2 is the average value of the squared wave
aberration and �Φ̄�2 is the squared average wave
aberration. In our examples, the top 50 solutions
for different glasses combinations were sorted in
the ranked list by polychromatic mean square wave-
front deformation, then each was imported into
ZEMAX optical design software and quickly
optimized for the best MTF performance at the
200 line pairs per millimeter (lp/mm). This fre-
quency was chosen because the smallest fiber bundle
receiver 24AS available from Schott has a 2.5 μm
pitch [13]. This close to the optimal design, however,
the MTF performance is well behaved, and a similar
result is found with a wide range of MTF values.

3. Specific Monocentric Cases

A. AWARE2 Monocentric Lens Analysis

The goal of this analysis is a monocentric lens opti-
mization process for finding the best possible candi-
dates for fabrication. These candidates are then

subject to other material constraints involved in
the final selection of a lens design, including mechan-
ical aspects such as differential thermal expansion
and environmental robustness, as well as practical
aspects like availability and cost. The process de-
scribed above appears to provide a comprehensive
list of candidate designs. However, the best test of a
lens design process is to compare the results to
those generated by the normal process of software-
based lens design. To do this, we used the constraints
of a monocentric objective that was designed in
the DARPA AWARE program—specifically, the
AWARE-2 objective lens [20], which was designed
by a conventional software optimization process,
then fabricated, tested, and integrated into the
AWARE2 imager. The lens has a 70 mm focal length
and image space f -number of 3.5, using a fused silica
core and an S-NBH8 glass outer shell. The optical
prescription is shown in Table 1, and the layout in
Fig. 8(a).

The global optimization method identified this
candidate lens system, as well as multiple alterna-
tive designs (glass combinations) that provide a simi-
lar physical volume and improved MTF. The optical
prescription of the top-ranked solution is shown in
Table 2, and the lens layout is shown in Fig. 8(b).

The new candidate appears physically very similar
to the fabricated lens. However, the MTF and ray
aberrations for the manufactured prototype and
the top design solution are compared in Fig. 9. The
new candidate lens is significantly closer to a
diffraction-limited resolution and has lower chroma-
tism and polychromatic mean square wavefront
deformation than the actual fabricated lens. It is
important to recognize that the resolution of the
AWARE-2 imager system includes the microcamera
relay optics. The relay optics corrected for aberra-
tions in the primary, as well as providing flattening
of the relayed image field onto the planar image

Fig. 9. (Color online) MTF and ray aberration performance comparison of the (a) fabricated AWARE2 prototype and (b) new AWARE2
design candidate.

Table 2. Optical Prescription of the Top Design Solution for the
AWARE2 Lens

Surface Type Radius Thickness Glass Semidiameter

OBJ Standard Infinity Infinity
1 Standard 34.91298 17.95482 N-KZFS2 34.91298
2 Standard 16.95816 16.95816 S-FPL53 16.95816

STO Standard Infinity 16.95816 S-FPL53 7.00075
4 Standard −16.95816 17.95482 N-KZFS2 16.95816
5 Standard −34.91298 35.30018 34.91298

IMA Standard −70.21316 70.00000
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sensors. In fact, the overall AWARE-2 system optics
design [10] was diffraction limited. However,
conducting the systematic design process on a rela-
tively long focal length system, where geometrical
aberrations influence the resolution, served as a suc-
cessful test of the design methodology.

B. SCENICC f -Number 1.71 12 mm Focal Length Lenses

Our specific goal was to design an imager with an at
least 120° field of view and resolution and sensitivity
comparable to the human eye (1 arc min), resulting
in about 100 megapixels total resolution. Assuming
we use the waveguide configuration of Fig. 1(b) with
2.5 μm pitch, NA � 1 fiber bundles, we defined the
goal of a 12 mm focal length lens with diffraction-
limited operation in the photographic spectral band
(0.47–0.65 μm) and an NA of 0.29 (f -number 1.71).
We designed the monocentric lens assuming the fiber
stop operation mode [Fig. 2(b)], as that is the more
demanding design: the physical aperture stop and
vignetting of the field beams will increase diffraction
at wider field angles but can only reduce geometrical
optic aberrations.

The result of the design process was an initial eva-
luation of 198,000 glass pair systems, of which some

56,000 candidates passed the initial evaluation and
were optimized using exact ray tracing to generate
the final ranked list. The entire process took only
15 min to generate using a single-threadedMATLAB
optimization code running on a 2.2 GHz i7 Intel pro-
cessor. Part of this list is shown in Table 3. Because
different optical glass manufacturers produce simi-
lar glasses, the solutions have been combined in
families, and the table shows the first seven of these
families. We show the radii for a primary glass and
list several substitution glasses in parentheses. The
designs with the substitutions glasses result in small
changes in radii but substantially the same perfor-
mance. The table shows the computed polychromatic
mean square wavefront deformation, the criterion
for the analytical global search, and the value for
the MTF at 200 lp ∕mm (Nyquist sampling) found
following Zemax optimization of the same candi-
date glasses. If the design process works, we would
expect that these metrics would be strongly corre-
lated. Figure 10 illustrates this by showing the cor-
relation for representative samples of the top 200
solutions, and in fact we find the identical sequence
for all 200 of the top candidates.

Fig. 10. (Color online) Correlation between polychromatic
mean square wavefront deformation and MTF at 200 lp ∕mm for
candidates.

Fig. 11. (Color online) Highest ranked design solution (high-
index center glass).

Table 3. Top Solutions for a f ∕1.7 f � 12 mm Monocentric Lens

Fast Exact Ray
Tracing [mm]

ZEMAX
Radii [mm]

# Outer Glass
Internal Glass (substitution glasses

shown in parentheses) R1 R2 �ΔΦ�2 R1 R2
MTF at

200 lp ∕mm

1 S-LAH79 K-LASFN9 (TAF5, S-LAH59) 9.049 3.765 0.0057 9.068 3.792 0.65
2 S-LAH79 S-LAL59 (K-LaKn12, TAC4) 8.049 3.772 0.0089 8.074 3.807 0.58
3 S-LAH79 K-VC80 (S-LAL13, M-LAC130,

P-LAK35, LAC13)
7.581 3.738 0.0098 7.593 3.756 0.55

4 K-PSFN2 N-LASF45 (N-LASF45HT, S-LAM66) 8.871 3.773 0.0116 8.901 3.819 0.59
5 S-LAH79 TAF4 (N-LAF21, TAF1, S-LAH64) 8.700 3.782 0.0120 8.714 3.801 0.58
6 K-PSFN203 BAFD8 (S-BAH28) 7.869 3.769 0.0124 7.886 3.791 0.54
7 P-SF68 BAFD8 (S-BAH28) 7.917 3.765 0.0135 7.934 3.787 0.53
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The best performance monocentric lens solution
(family number 1) demonstrates near-diffraction-
limited resolution over the photographic visible
operational waveband (470–650 nm). It uses S-
LAH79 for the outer shell glass and K-LASFN9 for
the inner glass. To provide a central aperture stop,
it is necessary to fabricate the center lens as
two hemispherical elements. Because optical glass
K-LASFN9 has a high refractive index of 1.81, the
interface between the two hemispherical elements
can cause reflections at large incidence angles unless
the interface is index matched, and the index of op-
tical cements is limited. For example, the Norland
UV-cure epoxy NOA164 has an index of 1.64. This
results in a critical angle of 65° and a maximum
achievable field of view of �55°. For this glass sys-
tem, it is preferable to fabricate the center lens as
a single spherical element and operate the system
in the “virtual iris” mode, where the system can pro-
vide a maximum field of view of �78.5°. The optical
layout, MTF, and ray fan diagrams of the top solution
operating in “virtual” stop mode are shown in Fig. 11.

Table 4 shows the detailed optical prescription of
the monocentric lens example. The lens operation is
shown in three configurations. The distance to the
object plane is changed from infinity to 1 m and then
to 0.5 m. The back focal distance (thickness 5 in
Table 4) is changed as well. The back focal distance
for the object at infinity is 2.92088 mm; for the 1 m
object distance, 3.06156 mm; and for the 0.5 m object
distance, 3.20050 mm.

The MTF for two extreme object positions is shown
in Fig. 12. After refocusing at a closer object distance,
the image surface loses concentricity with the lens
but still retains the original radius, as was shown
in Section 2.A. The loss of concentricity enables con-
jugation between planar objects at a finite distance
to the spherical image surface, and so implies the
ability to focus on points anywhere in the object
space. A concentric system designed at a specific fi-
nite object radius can be conjugated only with a spe-
cific concentric spherical image surface, and focusing
a concentric lens system on spherical objects at dif-
ferent distances would require a change in the image
surface radius. At closer object distances, angle α1
(Fig. 3) increases from zero to some small finite va-
lue, which changes the spherical aberration [Eq. (10)]
and MTF slightly away from optimum value. As pre-
dicted by third-order aberration analysis, we main-
tain image quality close to the original infinite

conjugate design during the refocusing operation,
over a wide range of field angles. ZEMAX design files
modeling this lens are available for download [35].
Note that adequate simulation of the “virtual stop”
operational mode in ZEMAX requires the rotation
of the aperture stop at off-axis field angles, as well
as rotation on this angle image surface around its
center of curvature. In this file, a distinct configura-
tion has been defined for each field angle.

The members of the third family of Table 3 have a
glass with a significantly lower refraction index of
the central glass ball, 1.69, which can be index
matched with standard UV cure epoxies. This en-
ables the lens to be fabricated as two halves and as-
sembled with a physical aperture stop at the center.
While members of this family have a slightly lower
image quality performance, they can fully operate
over a �65° field of view in both “virtual stop” and

Table 4. Optical Prescription for Refocusing of the Monocentric Lens, Showing Multiple Configurations for Three Object Distances

Surface Type Radius Thickness Glass Semidiameter

OBJ Standard Infinity 1.0E� 10 ∕1000.000 ∕500.000
1 Standard 9.06762 5.27607 S-LAH79 9.06000
2 Standard 3.79155 3.79155 K-LASFN9 3.79000

STO Standard Infinity 3.79155 K-LASFN9 1.94188
4 Standard −3.79155 5.27607 S-LAH79 3.79000
5 Standard −9.06762 2.92088∕3.06156 ∕3.20318 9.06000

IMA Standard −11.9885 — 11.0000

Fig. 12. (Color online) MTF performance of monocentric lens
(a) focused at infinity (design) and (b) refocused at a flat object
at 0.5 m.
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“aperture stop” modes. The optical layout, MTF, and
ray fan diagrams of the top member of the third fa-
mily operating in the “aperture stop” mode for the
object located at infinity are shown in Fig. 13(a).
The ray fan graphs are shown for the axial and
60° field points at the image surface. The scale of
ray fans is �10 μm. The design has been modified
to include a 10 μm thick layer of NOA164 glue be-
tween the two glasses and in the central plane. Sim-
plified ZEMAX files of this lens without optical
cement are also available.[36].

The optical layout and MTF of the top member of
the third family operating in the “fiber stop” mode
are shown in Fig. 13(b). The “virtual stop” mode has
a uniform high image quality performance all over
the field. The “aperture stop” mode suffers from a
drop in performance at the edge of the field due to
the pupil vignetting and aberrations in the optical
cement layer. This design is useful, however, as
operation in the “aperture stop” mode simplifies re-
quirements to the image transfer and detection. In
this case the input aperture of the fibers bundle can
exceed the back aperture of the optics, as the physical

aperture stop provides all stray light filtering
needed, and the image transfer can be done with re-
lay optics or with standard Schott fiber bundles with
NA � 1 and 2.5 μm pitch.

C. Comparison with Conventional Wide-Angle Lenses

The architecture of the monocentric lens is intrinsi-
cally compact: the principal (central) rays of all field
angles are orthogonal to the front (powered) optical
surface and are directly focused to an image surface
that is always substantially perpendicular to the in-
cident light. Conventional wide-field-of-view imagers
require a lens that conveys wide-field input to a con-
tiguous planar image surface. Extreme wide-angle
“fisheye” lenses use a two-stage architecture in the
more general class of reverse-telephoto lenses [1,37],
where the back focal distance is greater than the fo-
cal length. The front optic is a wide-aperture nega-
tive lens to ensure acceptance of at least a fraction
of light incident over a wide angle range. The nega-
tive power reduces the divergence of the principal
rays of the input beams, so the following focusing
positive component operates with a significantly

Fig. 13. (Color online) Top member of the third family (lower center glass index) operating in (a) the physical aperture stop, including a
73° field angle to illustrate the effect of aperture vignetting and (b) “virtual” aperture stop mode, with uniform response up to 80°.
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reduced field of view, although it must provide suffi-
cient optical power to compensate for the negative
first element. This retro-telephoto architecture re-
sults in a physically bulky optic. Figure 14 shows
two conventional wide-field lenses on the same scale
as the f � 12 mmdesign example above. At the top of
the figure is a 13-element “fisheye” lens taken di-
rectly from the “Zebase” catalog of standard lens de-
signs (F_004), then scaled from 31 mm to the 12 mm
focal length. The smaller lens at the center of Fig. 14
is based on the prescription for a 9-element wide-
field lens specifically designed to minimize volume
[38]. This design was intended for a shorter focal

length, and the aberrations are not well corrected
when scaled to 12 mm. When this design was opti-
mized, even allowing for aspheric surfaces, the com-
ponents tended toward the same overall physical
shape and volume of the lens above. Both of these
lenses are substantially larger than the monocentric
lens design, even including the volume of the fiber
bundles, and they collect less light, even accounting
for coupling and transmission losses in the fiber
bundles.

4. Conclusion

This paper describes a general perspective on mono-
centric-lens-based imagers, including discussions of
stray light control, focus, and a method for conduct-
ing a global search of optimal design solutions for
two-glass symmetric monocentric lenses. We proved
that themonocentric lenses can be focused in the con-
ventional way by axially moving the lens regarding a
fixed-radius spherical image surface, indicating the
feasibility of panoramic lenses using a fiber bundle
image transfer. We checked our design approach
by comparing the result for a 70 mm focal length lens
and concluded that it is an effective approach to iden-
tifying top candidate solutions for specific applica-
tions. Practical constraints will determine the final
selection. For the “virtual iris” stray light filtering,
a spherical high-index central glass solution can be
used. With a conventional aperture stop, where
the central ball lens consists of two hemispherical
elements and a physical stop at the center, reflections
from the internal surface can limit the extreme field

Fig. 14. (Color online) Comparison of two conventional wide-field lenses with a monocentric-waveguide lens. All have a 12 mm focal
length, 120° field of view, and similar light collection, but the monocentric lens provides higher resolution in a compact volume.

Fig. 15. (Color online) Systematic diagram of photographic lens
setup families, including monocentric multiscale and waveguide
imagers. Figure adapted from [39].
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angle, favoring solutions with a lower index cen-
ter lens.

Looking further at a specific design example, we
identified high- and low-index center glass solutions
for f ∕1.7 12 mm focal length monocentric lenses with
(at least) a 120° field of view and showed that this
lens compares favorably to conventional fisheye and
projection lens solutions to panoramic imaging. It is
reasonable to ask whether the specific designs used
for the comparison were optimal, and in fact there is
clearly room for improvement in these specific de-
signs. However, the standard lens categorization
shown in Fig. 15 indicates that monocentric lenses
can enter a domain of light collection and field of view
that is not otherwise addressable [39].

We conclude that monocentric lenses offer a signif-
icant potential for panoramic imaging and deserve
further investigation. Future topics of research
and development are the systematic design of more
complex monocentric lens structures, image proces-
sing techniques, and practical technologies for image
transfer from the spherical image surface to planar
image sensors.

This research was supported by the DARPA
SCENICC program under contract W911NF-11-C-
0210 and by the DARPA AWARE program under
contract HR0011-10C-0073.
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